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THE WEIL-PETERSSON CURRENT 
FOR MODULI OF VECTOR BUNDLES 
AND APPLICATIONS TO ORBIFOLDS 

INDRANIL BISWAS AND GEORG SGHUMACHER 


Resume. Nous etudions les fibres vectoriels holomorphes stables sur 
une variete kahlerienne compacte ou plus generalement sur une orbifold 
possedant une structure kahlerienne. Dans ce contexte, nous utilisons 
I’existence d’une connection Hermite-Einstein et construisons une forme 
de Weil-Petersson generalisee sur I’espace des modules des fibres holo¬ 
morphes stables a fibre determinant fixe. Nous montrons que la forme de 
Weil-Petersson s’etend en un courant (semi-)positif ferme pour des dege- 
nerescences de families qui sont des restrictions de faisceaux coherents. 
Ge courant sera appele un courant de Weil-Petersson. Dans le cas d’une 
orbifold de type Hodge, un fibre en droite determinant existe sur I’espace 
des modules. Ce fibre en droites est muni d’une metrique de Quillen dont 
la courbure coincide avec la forme de Weil-Petersson generalisee. En ap¬ 
plication, nous montrons que le fibre en droites determinant s’etend a 
une compactification de I’espace des modules. 

Abstract. We investigate stable holomorphic vector bundles on a com¬ 
pact complex Kahler manifold and more generally on an orbifold that 
is equipped with a Kahler structure. We use the existence of Hermite- 
Einstein connections in this set-up and construct a generalized Weil-Pe¬ 
tersson form on the moduli space of stable vector bundles with fixed 
determinant bundle. We show that the Weil-Petersson form extends 
as a (semi-)positive closed current for degenerating families that are 
restrictions of coherent sheaves. Such an extension will be called a Weil- 
Petersson current. When the orbifold is of Hodge type, there exists a 
certain determinant line bundle on the moduli space; this line bundle 
carries a Quillen metric, whose curvature coincides with the generalized 
Weil-Petersson form. As an application we show that the determinant 
line bundle extends to a suitable compactification of the moduli space. 


1. Introduction 

Holomorphic vector bundles on complex projective manifolds, and more 
generally on compact Kahler manifolds, have been extensively studied. Here 
we consider holomorphic orbifold vector bundles on compact complex orb- 
ifolds. One can easily transfer the analytic methods from the manifold case 
and define Kahler orbifold structures; also, notions like stability of vector 
bundles carry over. We first observe that the Donaldson-Uhlenbeck-Yau 
theorem generalizes to vector bundles on compact Kahler orbifolds. So the 
moduli space of stable vector bundles with fixed determinant bundle on a 
compact complex orbifold admits a generalized Weil-Petersson form. At this 
point the moduli space is considered as a reduced complex space with a 
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Kahler structure. Locally, on smooth ambient spaces, the generalized Weil- 
Petersson form possesses differentiable 59-potentials. 

We call a Kahler orbifold to be of Hodge type, if the Kahler form is the 
Chern form of a positive orbifold line bundle. A theorem of Daily |2] states 
that in this case the underlying normal complex space is projective - a fact 
that also follows from Grauert’s theorem IH Satz 3]. For a Kahler orbifold 
of Hodge type we see that there exists a determinant line bundle on the 
moduli space, equipped with a Quillen type metric, whose curvature form is 
equal to the generalized Weil-Petersson form. 

Orbifolds are examples of analytic stacks. For algebraic stacks, Lieblich’s 
theorem, dl, says that the moduli space of stable vector bundles is in fact an 
algebraic space. In particular, it possesses a compactification as an analytic 
space. Our main result states that for moduli of stable holomorphic vector 
bundles the Weil-Petersson form extends as a positive, closed current to a 
compactification, thus answering a conjecture of Andrei Teleman f j24)l in 
the affirmative way. The extension property holds, whenever a given family 
of stable vector bundles on a Kahler manifold is the restriction of a coherent 
sheaf. 

For projective manifolds the Weil-Petersson form is the curvature form of 
a certain determinant line bundle, equipped with a Quillen metric. This fact 
can be shown in the orbifold case by making use of a generalized Riemann- 
Roch formula for hermitian vector bundles on Kahler orbifolds by X. Ma. 

Acknowledgements. The second named author would like to thank 
Jean-Michel Bismut for his letter concerning the generalization of Theo¬ 
rem oi and Xiaonan Ma for his letter and for sending Hg. The first named 
author acknowledges support by a J. C. Bose Fellowship. 

2. Complex orbifolds 

Satake introduced orbifolds in |18) : he called them V-manifolds. By def¬ 
inition, the underlying topological space of an orbifold satisfies the second 
countability axiom (or “the topology is countable at infinity”) together with 
an open locally finite covering {Ui}i^i', the local models of a complex orbifold 
of dimension n are of the type (W, F), where W C C” is some domain, and 
P is a finite group acting on IF in a holomorphic way. By Cartan’s theorem, 
one can assume that the action of P on IF is linear. Furthermore, we assume 
that for a general point of W the isotropy group is trivial. 

Let X be the underlying complex space of a complex orbifold A of dimen¬ 
sion n. An orbifold chart or local uniformizing system on an open subset 

U CX 

is a triple (IF, r,<y9), where (IF, F) is as above, and 

ip:W 

is a continuous map which induces a homeomorphism WjV U. Since 

quotients by cyclic groups that are generated by generalized reflections are 
smooth, sometimes it is assumed that all fixed point sets of non-trivial group 
elements are of codimension > 2. This assumption is not necessary in gen¬ 
eral, and we do not make this assumption at this point. 
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Let (VL', r', be another orbifold chart for U' <Z X such that U <Z U'. 
Then an injection 

( 2 . 1 ) 

is given by a biholomorphic map A from W to an open subset of W' satisfying 
the condition that for all 7 G T, there exists some 7 ' G T' with A o 7 = 7 ' o A. 

A collection A = {(LFj, Tj, of orbifold charts is called an orbifold atlas 
on X, if the following conditions are satisfied: 

(i) The collection {Ui} is an open cover, closed under finite intersections. 

(ii) For any Ui C Uj, there exist injections of the corresponding orbifold 
charts given by 

: Wi ^ Wj, 

which are unique up to elements G Tj in the sense that all such 
charts are of the form gji o Ajj for a unique gji G Tj and that for any 
gi G Tj, the map \ji o gi defines another orbifold chart. 

The composition of injections of orbifold charts is again an injection 
of orbifold charts. 

These axioms imply the properties below: 

(1) For any injection of orbifold charts (TFj, Fj, ^ (Wj,T there 
exists a group homomorphism : Fj ^ Fj such that 

9i — ® 

for all gi G Fj, where \ji is as in (12.2p . 

(2) For any Ui C Uj C Uk and corresponding orbifold charts, we have 

^kj ® ^ji 9kji ® ^ki 

for a unique gkji G F^, where Xji and Xki are as in (12.2p . 

(3) With the above notation, = Ad{gkji){'ykj ° Iji)- 

It may be mentioned that the group action is not required to be effective, 
like in certain moduli theoretic applications. The existence of such a homo¬ 
morphism F —)• F' is to be considered as a part of the defining data. 

Equivalence of atlases is defined in the usual way. The corresponding open 
covers will always be locally finite. 

From now on we will fix a compact complex orbifold X = (X,A) of 
dimension n, where X is the underlying space and A is an equivalence class 
of atlases. 

Given an orbifold chart (LF, F, (p), the group F acts in an equivariant way 
on the complex tangent bundle TW. Given an embedding of orbifold charts 
A : LF —)• W as in (| 2 .ip . the holomorphic map A lifts to a homomorphism 
of the holomorphic tangent bundles which is compatible with the homomor¬ 
phism F —)• F' of finite groups. 

The above observation gives rise to the definition of a holomorphic orbifold 
bundle on a complex orbifold X. 

Definition 2.1. Let X he a complex orbifold with a system of orbifold charts 
{Wi,Ti,pi)i^l. A holomorphic orbifold vector bundle on X is defined by a 


( 2 . 2 ) 


(hi) 
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system Ei of Ti-equivariant holomorphic vector bundles on Wi. Furthermore 
for every embedding 


ipi) ^ 

with holomorphic maps Xji : Wi — Wj, there is a holomorphic isomorphism 
Ei —>■ Xj^Ej compatible with the equivariant actions of Fj and Fj and the 
group homomorphism Fj —?• Fj. 

Orbifold sheaves are defined in an analogous way. 

If {W,T,(p) is an orbifold chart, and E is a F-equivariant holomorphic 
vector bundle on W of rank r, then F-invariant holomorphic sections of W 
are known to give rise to a coherent torsion free analytic sheaf on the quotient 
W/T. By our assumption on the isotropy groups of general points, the rank 
of the sheaf of invariant sections may be strictly smaller than the rank of E. 
This can happen, if the action of F on kF is trivial but not on E. (There 
exist obvious trivial examples of this kind). 

Note that notions like “orbifold holomorphic differential forms” or “vector 
fields” always refer to objects (and sheaves) on X that are defined in terms 
of holomorphic orbifold vector bundles. 

Starting from the equivariant index theorem of Atiyah and Singer, in |12j 
(cf. also [13|1. Kawasaki proved the Riemann-Roch-Hirzebruch theorem for 
holomorphic V-vector bundles on V-manifolds. 

By definition, a holomorphic section of a holomorphic orbifold vector bun¬ 
dle over an open subset of the underlying space X is given in terms of orb¬ 
ifold charts {Wj,rj,(pj) as Fj-invariant holomorphic sections on the spaces 
Wj compatible with the gluing data. In a similar way differentiable sec¬ 
tions of orbifold vector bundles (in the differentiable category) are dehned. 
The orbifold tangent bundle, and its complexihcation together with the type 
decomposition of its exterior products yield further examples. Accordingly 
orbifold differential forms (holomorphic or differentiable) are dehned with 
respect to orbifold charts {Wj,Tj,ipj) as Fj-invariant forms. The sheaf of 
(invariant) holomorphic orbifold p-forms dehnes a coherent sheaf on X. 
In a similar way the sheaf End{E) of orbifold endomorphisms is dehned. 

If FI is a holomorphic orbifold vector bundle, then Q^(E) denotes the 
coherent sheaf on the underlying space X that is dehned by Fl-valued holo¬ 
morphic p-forms on orbifold charts, equivariant under the respective group 
actions on orbifold charts. In particular Ox{E) denotes a coherent Ox- 
module. 

From now on, we assume that the actions of the groups Fj are effective 
so that the rank of the orbifold vector bundle FI on X is equal to the rank 
of the coherent sheaf Ox{E) - such orbifold vector bundles are also called 
proper. Also the orbifold bundle det(Fl) = A”(F1) for r = rk(Fl) dehnes a 
coherent sheaf on X. Let 

0 ^ Fffx^E) A^^{E) ^ ... ^ ^ 0 

be the orbifold Dolbeault complex of sheaves on X. It dehnes a hne resolution 
of the coherent sheaf Q^{E) on X. We will denote the coherent sheaf Ox{E) 
on X also simply by the same letter E, if there is no confusion. 
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Definition 2.2. A holomorphic family of holomorphic orbifold bundles over 
a complex space S is an orbifold vector bundle £ over the orbifold J^xS (with 
orbifold structure induced by X^). The fibers Eg for s £ S are the restrictions 
of £ to X^x {s}. A deformation of an orbifold vector bundle E on over a 
parameter space S with base point sq £ S consists of a holomorphic orbifold 
vector bundle £ over X^x S together with an isomorphism E —> ■ Again, 
if no confusion is possible, we will denote the sheaf of holomorphic sections 
of £ by the same letter. 

In a similar way, the de Rham complex is defined on orbifolds. Since the 
“constant orbifold sheaf” M descends to X as the constant sheaf M on the 
underlying normal space X, the orbifold de Rham cohomology is identified 
with the cohomology of the constant sheaf M on the underlying space X. 

Hermitian metrics on holomorphic orbifold bundles E are by definition 
hermitian structures of class C°° on the respective uniformizing systems 
{W,T,{p) that are invariant under the action of the group T and compatible 
with transition maps of orbifold charts in the sense of Definition 12.11 Even 
if the sheaf Ox{E) of invariant sections of an orbifold bundle E is locally 
free, the induced hermitian structure on Ox{E) need only be continuous. 
Orbifold hermitian metrics can be constructed from invariant metrics on the 
orbifold charts by means of differentiable cut-off functions (after replacing 
the underlying space by an open relatively compact subspace, if necessary). 

Since both the de Rham and Dolbeault complexes, as well as type decom¬ 
positions of orbifold differential forms, are meaningful, there is the notion of 
a Kdhler orbifold. We denote a Kahler orbifold form by 

ivx = ^ dzd, 

where {z ^,..., z"^) are holomorphic coordinates on a local chart W. Observe 
that local cl5-potentials for Kahler forms on orbifolds descend to the un¬ 
derlying space as continuous functions. The theory of elliptic operators on 
orbifolds was developed in |12| . 

3. Stable and Hermite-Einstein bundles on orbifolds 

Integration of orbifold differential forms is defined as follows: For any 
local uniformizing system {W,T,(p) with U := WjT, and for any orbifold 
differential form rj of top degree on X, define the integral 

(3.1) f n := — [ 7 ], 

Ju rn Jw 

where m is the order of T. In order to define the integral of an orbifold form 
over the whole space X, a partition of unity on the underlying space X with 
respect to the covering {Ui\ is being used together with the above formula 

The Chern classes of a holomorphic orbifold bundle E are defined in terms 
of hermitian (orbifold) metrics h following Chern-Weil theory. Also the first 
Chern class of the determinant bundle of a torsion-free orbifold sheaf det(f’) 
is well-defined. In case it only exists as a line bundle after taking a suitable 
tensor power, the Chern class may only be defined over the rationals (and 
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not over the integers). The degree deg(T) with respect to a Kahler form ojx 
can be defined in the usual way by 

deg(£^) := [ ci(det(T))w^“\ 

Jx 

where n is the complex dimension of X. (We set oj\ = oJx A ... A ojxlk\ for 
any k.) 

Henceforth, we assume that the complex orbifold X_ is equipped with a 
Kahler form ujx- 

Since the slope (i.e. the quotient degree/rank) of a torsion-free coher¬ 
ent analytic sheaf is now defined, it follows immediately that /i-stable and 
/r-semistable sheaves are well-defined. Again stable bundles are simple; the 
space of holomorphic endomorphisms is defined in terms of the orbifold struc¬ 
ture, meaning endomorphisms, by definition, commute with the action of the 
groups. 

Sobolev spaces for orbifolds exist and are defined in terms of the local 
uniformizing systems, and the methods of Donaldson [7] and Uhlenbeck-Yau 
[25j are applicable: Any stable vector bundle on a compact Kahler orbifold 
possesses a unique orbifold Hermite-Einstein connection. 

The classical construction of universal deformations of simple vector bun¬ 
dles on complex manifolds (cf. |9]) can be carried over literally. If 5 is a 
parameter space, the trivial orbifold structure on S provides X x 5 with a 
natural orbifold structure. 

Remark 3.1. For a reduced complex space S, a holomorphic family of orb¬ 
ifold bundles {Ts}sgS parameterized by S is given by a holomorphic orbifold 
bundle £ on the orbifold J£x S such that Eg = T|xx{s}- 

Using the implicit function theorem for Sobolev spaces one can show that 
given a holomorphic family of stable vector bundles on a compact Kahler 
orbifold, the irreducible Hermite-Einstein connection extends uniquely from 
a fiber to a differentiable family of Hermite-Einstein connections. 

Later we will consider moduli of orbifold vector bundles E with a fixed 
orbifold determinant bundle det(E) on X (whose sections dehne a coherent 
sheaf on the underlying space X). 

We call a Kahler orbifold (X, cjx) to be of Hodge type, if it possesses a 
hermitian holomorphic orbifold line bundle {L,k), whose (orbifold) Chern 
form is a positive multiple of the Kahler form lvx- According to Daily’s 
theorem [2], invariant sections of a power of the line bundle L provide a 
projective embedding of the underlying normal space X. 

4. Positive line bundles on moduli spaces of stable bundles 

By a “moduli space” AA we will always denote a moduli space of stable 
orbifold vector bundles of fixed orbifold determinant line bundle L (or more 
precisely a connected component). However, most of the following state¬ 
ments concerning holomorphic families are valid without this assumption, 
which will be needed in the global statement of Proposition 14.31 

For any holomorphic family of holomorphic orbifold vector bundles Eg of 
rank r there exists a number m G N such that (det(Ts))™ is an invertible 
Ox-iHodule. Hence such a number exists uniformly for any component of 


WEIL-PETERSSON CURRENT FOR MODULI OF VECTOR BUNDLES 


7 


the moduli space A4 of stable orbifold bundles, where the determinant need 
not be hxed. This fact implies the existence of a hnite surjective map 

Pic^{X) xM^M, 

which motivates the extra condition. When dealing with the Weil-Petersson 
current, we will assume that the (fixed) determinant of the given holomorphic 
orbifold bundles representing points of Ad is an invertible Ox -module. 

4.1. Determinant line bundle and Quillen metric. In this section we 
will introduce a natural Kahler structure on the moduli space of stable holo¬ 
morphic orbifold vector bundles using a certain determinant line bundle 
equipped with a Quillen metric. This Kahler form will be called the gener¬ 
alized Weil-Petersson form. We will see that its construction is functorial 
with respect to the base change of families. 

Let {Tsjsgg be a holomorphic family of holomorphic orbifold vector bun¬ 
dles on 2£. ill the sense of Remark 13.11 with fixed determinant orbifold line 
bundle. Let {Hg} be a C°° family of (orbifold) Hermite-Einstein metrics. By 
definition, we have a hermitian metric H on the complex orbifold vector bun¬ 
dle £ which is invariant under the actions of the groups. Let F = F{£, H) 
be the curvature form of the unique hermitian connection on £ compatible 
with the holomorphic structure, and set 

1C[£,H) = ^F{£,H). 
zvr 

It is a d-closed, real orbifold (1, l)-form with values in the orbifold vector 
bundle End*^(T) C End(T), since the determinant is being fixed. The Her¬ 
mite-Einstein condition reads 

A(v^F|TQ = A • idf,, 

where A is the dual of the multiplication with ojx fiberwise. 

Given any tangent vector v G TgS^ we denote its lift as vector field on 
X X S' along X x {s} by the same letter v. For a manifold X, the contraction 

V J /C(S, H)\xx{s} is a cl-closed (0, l)-form on X with values in End{£s) that 

represents the Kodaira-Spencer class of v |21| . In the orbifold case, it follows 
that we get an orbifold form in this way, which fits into the resolution 

End{£s) —)• {End{£s)) 

of certain sheaves on the underlying space X. 

The classical computation of infinitesimal deformations applies literally, 
and we see that the Kodaira-Spencer map takes values in the first orbifold 
cohomology End{£s)). We denote the Kodaira-Spencer map by 

(4.1) p-.TgS^ H^{X, End{£s)). 

It should be emphasized that the orbifold cohomology H^(X, End(T.A) in 
(j4.ip is the cohomology of the orbifold endomorphism bundle on X which 
we compute by means of the orbifold Dolbeault complex. 

Hermite-Einstein metrics on the vector bundles £s together with the orb¬ 
ifold Kahler structure on X induce natural inner products on the sections of 
J^^{End{£s)). In |121113) the corresponding theory of elliptic operators and 
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harmonic sections was developed. The inner product of harmonic represen¬ 
tatives of Kodaira-Spencer classes induce a natural inner product on TgS, 
which is called generalized Weil-Petersson metric. We recall details. 

Let V G TgS be a tangent vector. Let A G ^V ( End{£, )) jX ) be the 
harmonic representative of p{v). 

The generalized Weil-Petersson norm of v is given by 

ll^llwp 

Jx 

where gdV is the Kahler volume form. 

Like in [211 Proposition 1], we have 


(4.2) A = 2Trv -i}C{£,H)\xx{s}- 

The proof of the following proposition holds in the orbifold case. 


Proposition 4.1 (cf. |21[ Proposition 1]). The Weil-Petersson form satisfies 
the following fiber integral formula: 

(4.3) = - f tr H) A /C(T, H)) A 

J{XxS)/S 

+ - [ tr(/C(^,F)) 

^ J{XxS)/S 

where ui denotes the pull-back of the Kahler form uix to X^x S, and 

2tici{£s)[X] 
r ■ vol(X) 

(independent of s). 

After applying a conformal factor that only depends upon the parameter 
s G S' to the family H of Hermite-Einstein metrics we have (locally with 
respect to S) 


(4.4) 


1 


2-71^ 


WP 

iO = — 


L 


tr {JC{£, H) A /C(<S, H)) A 

IXxS/S 

Proof. We may assume that S is smooth. In terms of local coordinates 
on X and s* on S, we have 

iv{-X{e,H) MC{£,H)) = 

1 


27r2 


tr(—-b F.-^Faj) '/-Wdz°‘ A dz^ y/^Ads^ A ds^. 


1/3 


SO that 


L 


tr(-/C(S, H) A ]£{£, H)) A io^-^ = 


XxS/S 


- 77 ^ [ tr(Ty)a;"' A dsP 

27r2 27r2 Jxxs/s 


Now 


/“to?* = = AA,, + IFif, F„.5|) 

implying that for all s G S' the fiberwise Laplacian of the trace vanishes: 

□^^(Tij) = 0. 
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So tv^Fij) only depends on s G S', and it possesses a (local) 55-potential 
u. We replace the family of hermitian metrics H by where r is the 

rank of £. This affects only the last term in the fiber integral formula (|4.3p 
for the Weil-Petersson metric, which now vanishes. □ 

Again the proof is literally the same in the orbifold case. 

It follows immediately from the definition (13.11) that is of class C°°, 
when S is smooth. Note that both sides of (14.41) are defined on the Zariski 
tangent spaces of S and the equality holds there. 

Proposition 4.2. The generalized Weil-Petersson form is a d-closed real 
(1, l)-form on the parameter spaee S. 

It is strictly positive on any complex tangent spaee TgS. 

When S is reduced but possibly singular, it possesses a loeal dd-potential 
of class (5°°. 

The eonstruetion of the generalized Weil-Petersson form is compatible with 
base change: For tp : W ^ S, the Weil-Petersson form for the pull back to 
X xW of the given family of vector bundles eoincides with the form . 


Proof. Using a partition of unity, the integral is evaluated locally on the 
domains VU x S' of orbifold charts {W x S,T,(p x ids) (and the results are 
divided by the order of the groups T). This fact implies the differentiability 
of the result of the fiber integration. The Kahler property of the Weil-Peters¬ 
son form follows from (14.4D . Indeed, the d-closedness of the real (1, l)-form 
^WP jg consequence of the closedness of the integrand, which is evidently 
a d-closed real (n -|- 1, n -|- l)-form. 

The positivity of on a Zariski tangent space of the base follows from 
its definition. 

The existence of a local potential in the case of a singular, reduced pa¬ 
rameter space follows from [101 Theorem 10.1 and § 12]. 

Since the Hermite-Einstein connection on a stable vector bundle is unique, 
the assignment of a harmonic representative of a Kodaira-Spencer class to a 
tangent vector is functorial. Also the integrand of the fiber integral in (14.41) 
is compatible with the base change of homomorphisms. □ 

Equation (14.2p can be interpreted as the first variation of the Hermite- 
Einstein form in a holomorphic family. 

We state Proposition 14.11 in terms of the Chern character form of the 
endomorphism bundle. The induced metric on End[£) is denoted by the 
same letter H. 


.WP 


1 


cj = — 


Proposition 4.3. 
1 

27r2 
(4.5) 


ch2{End{£), H) A uj 


n—1 


^ JxxS/S 

H —[ tr(E.g)tr(FQ,5)g'^"a;” ] A dsh 


rvr^ 


iXxS/S 




If the determinant bundles A^(Ts) are constant, then 


(4.6) 


1 

27r2 


0J^^ = - 


-i 

f JxxS/S 


ch2{End{£), H) A uj 


n—1 


10 


I. BISWAS AND G. SCHUMACHER 


Proof. We apply the formula ch 2 {End{£), H) = 2r-ch2{£, H) — c\{£, H) (for 
any hermitian metric), and the fact that the Chern character form has the 
representation 

ch{£, H) = tr(exp(/C(£l, H))). 

Observe that the forms are harmonic. They represent the Kodaira- 

Spencer classes for the family {A^(£ls)} of line bundles. If the latter is con¬ 
stant, then the tr(Tl^) vanish identically. □ 


4.2. Relative Riemann-Roch Theorem for hermitian vector bundles 
over Kahler manifolds. Our result depends heavily upon the theorem of 
Bismut, Gilet and Soule. Given a proper, smooth Kahler morphism f : Z ^ 
S with relative Kahler form Uz/s ^ hermitian line bundle (E, h) on Z, 
there exists a Quillen metric on the determinant line bundle 

A = A(J^) := detfi{E) 
taken in the derived category satisfying 


Theorem 4.4 ([3|). The Chern form of the determinant line bundle A(J^) 
on the base S is equal to the component in degree two of the following fiber 
integral. 


(4.7) 


ci(A(.F),/i«) 



( 2 ) 


tdiZjS, ujz/s)ch{T,h) 


Here ch and td resp. stand for the Chern and Todd character forms resp. 


4.3. Relative Riemann-Roch Theorem for hermitian orbifold vector 
bundles on orbifolds. For a finite group G, acting holomorphically and 
effectively on a compact manifold Z and an equivariant holomorphic vector 
bundle in [U formula (4.4)] Atiyah and Singer proved the equivariant 
index theorem. If E denotes the coherent sheaf of invariant sections of ^ on 
the quotient space ZjG the result is 

(4.8) X{ZIG,E) = ^ 

where Z.^ denotes the fixed point set of the automorphism 7 and T^[Z;^ 
the equivariant Todd class (which is evaluated over Z.y for all group elements 
including the identity). In particular, for the Dolbeault operator in the equi¬ 
variant case, they computed the Euler-Poincare characteristic of the sheaf 
of invariant holomorphic sections on the quotient [U Theorem (4.7)]. Here 
one has to evaluate on all fixed point sets of the elements of G characteristic 
classes for the restrictions of the given vector bundle and the normal bundle 
of the fixed point sets. 

The relative setting of (|4.7I) from [3] was solved for holomorphic immer¬ 
sions by Bismut and Lebeau in [4]. This theorem was later on expanded to 
the more involved equivariant case of immersions and submersions by Ma 
and Bismut in UM- The orbifold case was treated as a local version of the 
equivariant situation. In |12) . Kawasaki gave a heat equation proof of the 
Riemann-Roch Theorem for orbifolds. 
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The generalization of Theorem 14.61 was shown by X. Ma in m- The new 
ingredient of the Riemann-Roch formula is the associated singular orbifold 
structure. 

Let a complex orbifold (X, be given in the sense of Section [2j For any 
orbifold chart (LF, T, (p) we already assumed that T acts effectively on W. 
A point re G VF is called singular, if the isotropy group T^ is non-trivial, 
otherwise the point is called regular. The sets of singular points give rise to 
a disjoint union of orbifolds 'EX. which are immersed in X as the singular 
stratification (cf. |13|i. 

The local models are defined as follows adopting the notation of Section [2j 
Let X be a singular point and Wx a neighborhood, which is invariant under 
the action of Ta,. We now have an orbifold chart iyVx,Ex,<Px), where ipx : 
Wx Ux is the induced quotient map. For all elements hx G Fj, we have 
the conjugacy classes (1), {hi,),..., {h'ff) in Fj,. Observe that the conjugacy 
classes of elements correspond to the Faj-orbits of the fixed point sets. Up to 
isomorphism, these only depend on the image of the point x in Ux C X, so 
that X can be considered as a point in X. 

Denote the sets of fixed points by LF,^^. These sets are equipped with 
a natural action of the centralizers Zr,^(/ix). Since this action need not be 
effective, the centralizer can be divided by the ineffectivity kernel Kff The 
number vrij of the elements of is called the multiplicity of the orbifold 

EX at {x,hi). The resulting group acting on is Zr„,{hi)/K^. The 
orbifold chart {Wx,Tx,pix) gives rise to a union of orbifold charts. The 
disjoint union of different quotients 'Wx^^/Zi-ffhi) corresponds to the set 
{{y, {hy))-,y G Wy,j = 1,..., py}. (The index j = 0 with hy = l that yields 
the total orbifold X is being excluded). 

These orbifold charts fit together and define the singular orbifold structure 
EX, namely 

SX = {{x, {hl));x e X,rxff l,j = 1,.. ., Px }- 

The images of the singular components in the underlying space X are denoted 
by Xj. 

Our approach relies on the following theorem of Ma, which is stated for 
the general situation of proper holomorphic orbifold submersions. In our 
case we are looking at an orbifold X together with the canonical projection 
vr : X X S —>■ S'. We state the theorem for this special case (for the extension 
from smooth parameter spaces S to reduced complex spaces as parameter 
spaces cf. [101 Appendix]). 

By assumption X carries a Kahler structure. Denote the hermitian metric 
on the orbifold tangent bundle by 5 ^^. Let ^ be an orbifold vector bundle 
on X X S equipped with a hermitian metric h^. In |16| the holomorphic 
determinant bundle A is constructed and equipped with a Quillen metric 

. The induced hermitian connection is denoted by V^. 


Theorem 4.5 (X. Ma, Theorem 3.3 [16] i. The curvature of the Quillen 
metric on the determinant line bundle A equals 


(4.9) 


(V^)2 = 2ttV^ 


1 

Jx, 


Sj>o— / td^{TX,g^^)ch{ffh^) 


l(2) 
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Now we assume that the orbifold X is of Hodge type with u^x = ci(-L, h). 

Theorem 4.6. Let S be a reduced complex space. Then up to a numerical 
factor the generalized Weil-Petersson form for stable orbifold vector 

bundles £ on J^x S is equal to the Chern form of a natural line bundle X 
equipped with a hermitian metric h^: 

ci{X,h^) 

The construction of this holomorphic, hermitian line bundle is functorial in 
S: If 

S 

is a base change morphism, then the line bundle for the given family pulled 
back to X xW is 'ip*X equipped with the pulled hack hermitian metric 'if*h^. 

Moreover, the hermitian line bundle (A, /i®) descends to the moduli space 
as such. 

Proof. We first note that also in the orbifold case the spectral determinant 
can be identified with the Knudsen-Mumford determinant m Section 5]. 
By a purely formal argument, the Riemann-Roch formula (|4.9H holds for 
elements of the Grothendieck group. 

Define an element x of X S) by 

(4.10) X = [ch{End{£),H) - • ch (((L, k) - {L, . 

Observe that the Chern character form of the hermitian orbifold bundle 
End{£) is defined in terms of the curvature form, which is an invariant form, 
so that X is again given in an invariant way. □ 

All components of the form x in degree smaller or equal to 2n vanish, and 
the term of smallest degree is the (n + 1, n + l)-component 

X' = 2^-^ci{L, k)^-^ • ch 2 {End{£),H). 

Let TT : X X S ^ S he the natural projection. Then the (1, l)-component 
of the pushforward 7r*x is the (1, l)-component of the fiber integral in (14.6D . 
Hence it coincides with up to multiplication by a numerical constant. 
Consider the following line bundle on S 

(4.11) A := det m (^{End{£) - O^xxs) © . 

Note that for proper smooth holomorphic maps of complex spaces, and for 
projections A x S' —)• S', where A denotes a compact complex orbifold, the 
direct image taken in the derived category can be computed in terms of 
Forster-Knorr systems [8]. These simplicial objects in the category of hnite 
free coherent modules are used to represent the direct image locally up to 
quasi-isomorphism by bounded complexes of finite free modules so that a 
determinant line bundle exists. 

For locally free sheaves £' and £", the determinant line bundle of £' — £" 
is defined as 

det 7r!(S^ — £") = det t^\{£') ® det 7r!(S'')“^. 

Note that x is the Chern character form of 

(4.12) {End{£) - O^'x^s) ® 
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with the induced hermitian metrics. 

For notational convenience, we will denote the element in (I4.12p by T. 
We equip E with the fiberwise Hermite-Einstein metric. Furthermore, ujx 
defines a relative metric uox^s/s- 

Now we apply Theorem 14.51 Since the integrand is of degree (n + l,n + l), 
the contribution of the singular part SX vanishes identically so that 


(4.13) ci(A,/i«) 


IXxS/S 


td{X xS/S,u;xxS/s)-cHJ^,h) 


(14) 


Consider x defined in (I4.10p . Note that it does not contain any term of 
degree {j,j) for j < n. Since we are computing the (1, l)-component of a 
fiber integral, and the fibers are of complex dimension n, this implies that 
the only contribution of the Todd character form in (I4.13p is the constant 
one. Therefore the integrand in (I4.13p is equal to x'- 

Although there need not be a universal bundle on the moduli space, the 
determinant line bundle A given in (14.111) is well-defined: Since the families E 
on X xS are unique up to pull-backs of line bundles on S, the endomorphism 
bundles End{E) and hence A exist globally. 

Now the claim follows from (14.3p . □ 


5. The Weil-Petersson current 

The following theorem is a generalization of a result by Teleman m 
Theorem 1.4]) and answers a conjecture of his (Conjecture 2 in p. 544 of 
|24j f in an affirmative way for projective varieties. 

We note that our proof also applies to families of vector bundles on a 
Kahler manifold that degenerate to coherent sheaves. We cannot make any 
statement about conceivable transcendental degenerations. 

By definition a positive closed current on a reduced complex space is a 
current on the normalization. We only need the weakest extension prop¬ 
erty for the Weil-Petersson form, namely the existence of an extension to a 
desingularization of a compactification. 

Theorem 5.1. Let A4 be the moduli space of stable holomorphic vector bun¬ 
dles on a projective manifold X such that the determinant line bundles are 
fixed. Then there exists a compactification A4 such that the pull-back of the 
generalized Weil-Petersson form to a desingularization of A4 extends as a 
positive d-closed (1,1)-current. 

The strategy of the proof of Theorem 15.II is as follows. We show that there 
are local extensions; this is proved in Theorem 15.31 In view of this fact, the 
proof of Theorem 15.11 is completed by Proposition 15.21 

Proposition 5.2 (cf. [121 Proposition 8]). Let A be a closed analytic subset 
of a complex manifold Y, and let Y' := Y \ A. Let co' he a closed, positive 
current on Y', whose Lelong numbers vanish everywhere. Assume that for 
any point of A there exists an open neighborhood U <ZY such that uj'\Y'nU 
possesses an extension to U as a closed positive current. Then tv can be 
extended to all ofY. 
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Proof. We first assume that A is contained in a simple normal crossings 
divisor. Let uju be a (positive) extension of uj'\U HY'. 

We apply Sin’s decomposition theorem j22] : 

OO 

LOU = ''^^lk[Zk] + R 
k=0 

where the [Zk] are currents of integration over irreducible analytic sets of 
codimension one, and R is a closed positive current with the property that 
for the sets Ec{R) of points where the belong number is greater or equal 
to c > 0 the dimension dim£'c(R) < dimR — 1 for every c > 0. The 
decomposition is locally and globally unique. 

Since the belong numbers of u)' vanish everywhere, the sets Zk must be 
contained in A so that the positive residual current R is the null extension 
of oj'\U n Y'. We now take the currents of the form R as local extensions. If 
IT C y is open, then the difference of any two such extensions is a current 
of order zero, which is supported on A H W. By [6l Corollary III (2.14)] it 
has to be a current of integration supported on ^4 n IT, so it must be equal 
to zero. 

In the general case we consider a desingularization of the pair (Y, A ), 
i.e. an embedded resolution, and use the local construction. Since the local 
extensions possess locally plurisubharmonic potentials, pull-backs as positive 
currents exist. The belong numbers are still equal to zero, and the previous 
argument applies so that the pull-back of oj' extends as a positive current uj. 
The push-forward of uj solves the problem. □ 

In view of Proposition 15.21 we only need to consider a polydisk S as base 
space and assume that the analytic set ^ C S' is contained in the zero-set of 
a product of certain coordinate functions: 

Theorem 5.3. Let £ be a coherent sheaf on X x S which is Os-flat and let 
£s = S|xx{s} stable and locally free for s G S\A. Then extends to 

S as a positive, closed (1, 1)-current. 

Remark 5.4. Such a base space suitably taken will dominate an open neigh¬ 
borhood of any boundary point of A4 in a compactification Ai. 

5.1. Construction of initial metrics. We construct initial metrics in the 
situation given above in this section (in particular S is a polydisk). All 
sheaves X^°'^£s, s ^ S' are assumed to be isomorphic to an invertible sheaf, 
which we denote by C,x on X. Let p : X x S ^ S and q : X x S ^ X he 
the canonical projections. 

According to Hironaka’s flattening theorem, we have a sequence of blow¬ 
ups with regular centers over X xA giving rise to a modification tt : X x S ^ 
X X S so that ^ 

£ = Tr*£/torsion 

is locally free. Let £ = A™'“’^(T) and consider the invertible sheaf C®'K*q*Cf} 

on A X S', whose restriction to the preimage of A x S^ is of the form 7r*p*Cs', 
where £5/ is an invertible sheaf on S', since all are isomorphic for 

s G S'. Now the direct image £ = p*7r*(£ (g) 7r*q*£f^^) restricted to S' 
equals £5/. We use the flattening theorem again, and obtain a modihcation 
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u : S ^ S, which is an isomorphism over S', such that = v* (C) jtorsion 
is invertible. 

We look at 

X^S XsS^^X^S 

TT 

P X xS^^X 

p 

s -^ 

with canonical projections p and p. Note that both X x S and X x S Xs S 
are smooth. 

Now 

g = (g) p*TT*q*Cx^ 

is trivial over . There exists a meromorphic section a of ^ that has 

no zeroes on p~^i'~^S' . Then l/|(Tp defines a hermitian metric of g\S'. 

Let Hq be any hermitian metric on £, and kx, k^ resp. hermitian metrics 
on Cx and resp. 

We assume that Kci{Cx^kx) = const., i.e. the curvature form of kx is 
harmonic. 

Then 

w = p* det(#o) • IJ*T^*q*{kfl) • • kP 

is a differentiable function. Now 

(5.1) Ho = w-^l'^-p^Ho 

defines a hermitian metric on p*£ over p~^i'~^{S') so that 

(5.2) det(#o) = P*Tr*q*{kx) • F(M/k^. 

Note that the factor |cjp does not contribute to the curvature (over u~^{S')). 
For all s £ S' the curvature form of det(iLo) is harmonic - this fact will be 
needed when using the heat equation approach to Hermite-Einstein metrics 
in the following section. 

5.2. Extension of . Let S' = v~^{S'). We use the solution of the heat 
equation with the initial metric from the preceding section ITT] over S'. We 
refer to the approach and exposition by Siu ( |23| ). The following proposition 
implies the statement of Theorem 15.31 

Proposition 5.5. The Weil-Petersson form possesses an extension to 
S as a positive d-closed (1, l)-current. 

In order to estimate the Weil-Petersson form in degenerations we will use 
the fiber integral formula in the form of (|4.3p . 

We consider the heat equation for an s G For 0 < f we have endomor- 
phisms h{t,s) of the bundles £s with det{h{t, s)) = 1 and 

Bh 

(5.3) ^ -{^xFs - i^idsj, 
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where Ax denotes the contraction with ojx- 
We write (14.3p in the form 

(5.4) u;^P = -l-[ tr(F A F) A + A / tr(F)Aa;", 

2 JxxS'/S' JxxS'/S' 

where F denotes the curvature form of the fiberwise Hermite-Einstein metric 
over the total space of the family, and ui = q*0Jx as above. 

We consider the second term of (|5.4I) . Since det h{t,s) = 1 for all t and 
s, we can replace tr(F) in this term by tr(Fo), where Fq is the curvature 
of the initial metric. It follows immediately from the definition that the 
integral depends only on the horizontal components of tr(Fo), which involve 
the parameter s. Using (15.21) we conclude that this contribution is equal to 
the curvature of kg pushed forward to S under u. We have 

—ujo < V—^ddkc < ujc 

b,aux — ^ b — b^aux 

for some local Kahler form uja 

b^aux 

Consider the first term in (15.4p . Over all of X x 5' we have 
^ (tr(F(t) A F{t)) - tr(Fo A Fq)) = ^/^ 95F2(t), 

where 

R 2 {t) = f tr(F(r) • AxF{T))dT 
Jo 

is the secondary Bott-Chern form. The Donaldson functional (depending on 
the parameter s) is dehned as 

M{t)= [ F 2 (t)Aw^, 

Jxx{s} 

and for s G S' we have M = limM(t). 

t—>-oo 


UJg, — 


’XxS'/S' 


tr(Fo A Fo) A cj"- ^ + 


A 


tr(Fo) A w’" + 

JXxS'/S' 

The integrand tr(Fo A Fq) A (as well as tr(Fo) A cu”) can be esti¬ 

mated in the following way: We apply Hironaka’s flattening theorem to the 
holomorphic map X x S Xs S ^ S. After a further blowup S' —)• S the 
restriction of the pull-back of this map to the proper transform VU —S is 
a flat (in particular open) holomorphic map. We pull back the integrand to 
W and denote it by the same letter. Then, on W 


—CO- 


n+l 

W,aux 




for a suitable auxiliary Kahler form 

The pushforward of to S again defines a positive, closed cur¬ 

rent, which possesses locally a continuous plurisuhharmonic dd-potential by 
Varouchas’ result [261 Lemme 3.4]. 


WEIL-PETERSSON CURRENT FOR MODULI OF VECTOR BUNDLES 


17 


We have an ’’initial” Weil-Petersson form on S with bounded local poten¬ 
tials 

= -\j ^ ^ 

and the correction term —IddM, where M < 0 over S' . The extension 
theorem for bounded plurisubharmonic functions implies the existence of an 
extension of the Weil-Petersson form to S' as a positive, closed current, which 
can be pushed forward as such to S, and finally to S. 

5.3. Orbifold case. The statement of Theorem O would follow from the 
construction of an initial metric like in Section 15.11 provided a flattening 
theorem is available in the orbifold case. 

5.4. Extension of the determinant line bnndle. According to [T9l Pro¬ 

position 7] it is sufficient to show the extension theorem for determinant line 
bundles on normal complex spaces. Now the general extension theorem [191 
Theorem II ’], IMl Theorem 1] implies the final result. Let denote 

the determinant line bundle on the moduli space Ai of stable holomorphic 
vector bundles on X given by (14.111) (cf. Theorem 14.6 p . 

Theorem 5.6. The determinant line bundle A extends to a compactification 
Ai of the moduli space together with the Quillen metric that extends as a 
singular hermitian metric, in particular extends as a positive current 

that possesses local dd-potentials. 
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